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Abstract 

Let K be an arbitrary field of characteristic zero, P„ := K[xi, . . . , Xn] be a polynomial 
algebra, and Pn,xi '■— K[xi^,xi, . . . ,a;„], for n>2. Let a' G Aut/f(P„) be given by 

Xi^Xi-1, Xi^X2+Xi, Xn^Xn+Xn-l. 

It is proved that the algebra of invariants, F,' :— , is a polynomial algebra in n — 1 
variables which is generated by [^] quadratic and [^^^^] cubic (free) generators that are 
given explicitly. 

Let a G Aut/f (P„) be given by 

Xl^Xi, Xl^X2+Xl, Xn^Xn+Xn-1. 

It is well-known that the algebra of invariants, F„ := , is finitely generated (Theorem of 
Weitzenbock, [Fj, 1932), has transcendence degree n — 1, and that one can give an explicit 
transcendence basis in which the elements have degrees 1,2,3, ... ,n — 1. However, it is an 
old open problem to find explicit generators for P„. We find an explicit vector space basis 
for the quadratic invariants, and prove that the algebra of invariants P^^.^ is a polynomial 
algebra over K[xi, x]^^] in n — 2 variables which is generated by [^^y^] quadratic and [^^^] 
cubic (free) generators that are given explicitly. 

The coefficients of these quadratic and cubic invariants throw light on the 'unpredictable 
combinatorics' of invariants of affine automorphisms and of S'L2-iiivariants. 

Mathematics subject classification 2000: 14L24, 13A50, 16W20. 



1 Introduction 



Throughout the paper, K denotes an arbitrary field of characteristic zero. Let P„ = Pt"] = 

K[x\ := K[ polynomial ring in n variables over K. First, we consider the 

*This research was done while the first author held a Royal Society/NATO Fellowship at the University of 
Edinburgh. 
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X-algebra automorphism a of Pn given by 

CJ : Xi 1-^ Xi - 1, Xi^X2 + Xi, Xn Xn + Xn-l- 

This automorphism can be written in matrix form as cr{x) = Jn(l)x — ei, where Jn(l) = 
E + X^"^/ -Ej+i^j is the n X n lower triangular Jordan matrix (E is the identity matrix and 
Eij are the matrix units), x = {xi, . . . ,XnY, and ei = (1,0, .. . ,0)*. It is well-known that the 
algebra of invariants, P^, is a polynomial algebra in n — 1 variables and that the generators 
can be chosen to have degrees 2,3, ... ,n. (Briefly, a can be presented as := X^j>o fr where 
5 € Der K{Pn) is a locally nilpotent derivation for which there exists an element x € Pn such that 
5{x) = 1, then P^ = Pn '■= ker((5) and the result is old and well-known for S.) A theorem of 
Weitzenbock [3] states that the algebra of invariants Pn" is finitely generated for every linear 
action of the additive (algebraic) group Ga of the field K (see also P, and also 3 ). The 
same result is true for the algebra of invariants where 5 is a linear derivation of P„; that 
is, 6{x) = Ax where ^ is an n x n matrix over K. It is an old open problem to find explicit 
generators for the algebras P^" and Pn- Several cases for small n are considered in |2j. 

We summarise the main results of the paper below; full proofs are given later. 

The proof of the first theorem is 'direct'; that is, it does not use a reduction to the case of 6. 

Theorem 1.1 Let ct(x) = J„(l)x — ei E Aut/<(P„), for n > 2. The algebra of invariants Pn is 
a polynomial algebra K[y2, ■ ■ ■ , yn] in n — 1 variables given by 

i 

Vi+i = (j)-i+jXj+i + ia'^jcp^i^i), for z = l,...,n-l, 

where (po := 1 and (t)-i := ^ jgj- f > i. (Note that deg(yj4.i) = i + 1.) ■ 

The polynomial algebra P„ = K[x] = Uj>oi^[x]<j is a filtered algebra by using the total 
degree of variables; so that K[x]<i := Y^deg{p)<i ^P- '^^^ integer part of r G M is denoted 
by [r] := max{m € Z | m < r}. The next theorem gives an explicit basis for the quadratic 
invariants of the automorphism a. 

Theorem 1.2 Let cr{x) = Jn(l)x — ei, forn > 2, and suppose that K is afield of characteristic 
zero. Then the elements uq = 1, and 

k-l 2k-i 2k 
Uk = x\ + ^ ^ X^ jXiXj + ^ fJ-iXi, 
i=l j=k i=k 



where 



k — i\ /k — i — 1 



and 



for k = l,...,m := [n/2], form a basis of the vector space K[x]'^ fl K[x]<:2- In particular, 

k 



dim.K{K[x]'^ n K[x]<2) = m + 1 and K[x]^ fl K[x]<i = K. Each of the coefficients • and /if 



IS nonzero. 



Remark. In particular, ui = x\ + xi + 2x2 and n2 = — Xi{x2 + 22:3) — X2 — 8x3 — 2x4. 
Note that 2/3 = X3 + xiX2 + ^^3^^ . Consider the cufeic cr-invariant polynomial 

t'l := 3?/3 = x\ + 'ixiX2 - xi+ 8x3 G K[xi,X2,x^]. (1) 

Theorem 1.3 Zei cr(x) = Jn(l)x — ei, /or n > 5, and suppose that K is afield of characteristic 
zero. Then, for k = 2, . . . , ^ := [{n — l)/2], the following polynomials, Vk, belong to 
K[xY r\K[x\<^: 

k-l 2k~i+l 2k+l 

Vk = xiUk + XkXk+i + ^ ^ a\^jXiXj+ ^ P^Xi, (2) 

i=l j=k+l i=k+l 

where 





- i — 


1 




k- 


1 




i — 


r 




k- 





k — i \ f k — i — 1 
+ 



j -k-lj \j -k-2 



k-i-1 
j -k-2 

■^''-n;-"r-;j-G:::')-<— ^) 

and 

Pj = a\j_i + alj + for j = k + 1, . . . ,2k + 1, 

where uj^^X^^ and fx^ are as defined in Theorem M.iA Note that each of the coefficients a^j and 
is nonzero. ■ 



Remark. In particular, 

al2k+l-^ = {-^)''\l + 2{k-^)) and af = (-l)fc-(A; - i + 1), (3) 

and 

V2 = X1U2 + X2X3 — 2x1X3 — 3xiX4 — 3x3 — 8x4 — 5x5. (4) 

The quadratic and cubic invariants obtained in the previous two theorems provide a gener- 
ating set for the algebra of invariants, as the next theorem shows. 
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Theorem 1.4 Let a{x) = Jn{^)x — ei, for n > 2. Set m := [|] and ji := [\^]. Then 
1. = K[ui, . . . , Ura, vi, . . . , Vfj] IS polynomial ring in n — 1 {= m + fi) variables. 

Proof. For each A; > 1, we have 

Uk = {-l)''-^2x2k + ■ ■ ■ and Vk = + 2k)x2k+i + ■ ■ ■ , (5) 

where the three dots denote terms from P2k-i and P2fc respectively. These imply that P„ = 
K[ui, . . . , Um, vi, . . . ,Vfj] [xi]. It then follows that P^ = K[ui, . . . , Um, vi, . . . , Vp] and P„ = 
P^[xi], since K[ui, . . . , Um, Vi,... ,Vfj] C P^, a{xi) = xi — 1 and char(iC) = 0. ■ 

Now, consider the if-automorphism a{x) = Jn+i{l)x of the polynomial algebra Pn+i := 
K[xi, . . .,Xn+i]: 

a:xi>-^xi, X2^X2 + xi, x„+i a;„+i + a;„. 

The algebra of invariants F := P^+i = ®i>oFi is a positively graded subalgebra of the polynomial 
algebra P„+i = (Bi>oPn+i,i (the natural grading) where Fi := F D P„+i,i. Let Pn+i,xi = 
K[x^^,xi,X2, ■ ■ ■ ,Xn+i] be the localization of Pn+i at the powers of the element xi. Then 
Pn+i,xi = K[x^, zi, . . . ,Zn] = Q[xf] where Q := K[zi, . . . , Zn] is a. polynomial algebra in the n 
variables Zi := — ^!r^, i = 1, . . . , n. We denote by the same letter a the unique extension of the 
automorphism a to Pn+i,xi- Then (t{Q) = Q and 17(2;) = Jn{^)z — ei; that is, 

a{zi) = zi-l, a{z2) = Z2 + Zi, a{zn) = Zn + Zn-l. 

Define polynomials pk and qk in Pn+i as follows: 

k-l 2k-i 2k 

Pk := xjukiz) = + XI XI ^'ij^i+iXj+i for > 1, (6) 

i=l j=k i=k 

while 

qi := xf — X2 + 3xiX2Xs + X1X2 — Sxfx^, (7) 



and 



k-l 2k-i+l 2k+l 

Qk ■= xfvkiz) = -X2Pk + XiXk+lXk+2 + X "iij^j+l^j+l - ^1 X (8) 

1=1 j=k+l i=k+l 



for k>2. 
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Theorem 1.5 Let = J„+i(l)x, for n > 2. Set m := [^] and /i := [^^^^]. Then the set of 
elements of P^+i ■ 

xi,pi, . . . • • • ,9^ 

is a transcendence basis for the algebra P^+i, with deg(pj) = 2 and deg(gj) = 3. Further, 

Proof. This follows directly from Theorem II .41 ■ 

Corollary 1.6 Let (t(x) = J„+i(l)x, for n > 2, and set m := [^]. Then x\,pi, . . . ,pm is a 
K -basis of the vector space of quadratic invariants. 

Proof. This follows from Theorem 11.21 and Corollary [^^3) . ■ 

2 cr-exponentials 

Let if be a field of characteristic zero, and let a denote the affine automorphism of K[x\ such 
that cr{x) = x — 1. Our aim is to choose a basis for K[x\ as a if- vector space that facilitates 
calculations involving a. The idea is to exploit the fact that 1 — cr is a cr-derivation, and to 
choose the basis with this in mind. Accordingly, we define 

x{x + l)---{x + i-l) xa-^{x)---a-''+^{x) 

00 := 1, (pi ■■= (pi{x) = = 7. , ? > 1 (9) 

^\ il 

and 

+ xajx) ■ ■ ■ a^~\x) 

90 ■= 1, (P-i ■= (P-i{x) = 7. = 7. , « > 1. (10) 

i] 11 

Each of the two sets {4>i} and {4>-i} forms a if -basis of if [x]. 

Note that (1 — cr)0j = (pi-i and (1 — cr)(l)-i = a{(f)-i-f-i), for i > 1, while (1 — cr)(j)o = 0. Note 
also that x) = {—iy(j)i{x), and that a^^^{cl)i) = for i>l. 

The choice of bases and the action of 1 — cr suggests that we should construct exponential 
functions, twisted by a. In order to do this, we extend the automorphism a to an automorphism 
of the the power series ring if[a;][[G]] by defining a{Q) = G. 

Now, define 

oo oo 

E = E(x) := y = 1 + V xa(x) ■ • • a'-\x)^- (11) 

i=0 2=1 
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and 



oo 



E_ = E{-x) := <t>-i{-xW 



(12) 



oo oo 




^(-i)V.e^ = i + j;(-irxa-i(x).-- 



(13) 



i=0 i=l 



The following identities are easily established by direct computation: 

{1- a)E = Qa{E), and {I - a)E^ = -QE_. 
Lemma 2.1 £;(x)-i = E{-x) in K[x\[[Q]]. 

Proof. Set E = E{x) and E- = E{—x). By applying the u-derivation (1 — a) to the product 
E^E, and, by using the identities (1 — a)E = Qa{E) and (1 — a)E- = —QE^, we obtain 



It follows that (1 - a){E_E) G n^=ie"i^[x] [[6]] = and so a{E_E) = E^E. Hence, E_E € 
fc[x][[e]]'^ = ^[[0]], and we may write E_E = 1 + ^l^i A^e*, with each € K. 

By setting x = in the previous equality, we get 



and it follows that each Aj = 0; so that E-E = 1 in ■ 

Consider the X-automorphisms CTj of the polynomial ring K[xi, X2\ in two variables, defined by 
(Ji{xj) := Xj — 5ij, for i,j = 1,2, where 6ij is the Kronecker delta symbol. The automorphisms 
(Tj extend uniquely to automorphisms of the algebra -fC[xi, 2:2] [[O]], by setting ai{Q) = Q. 

Lemma 2.2 E{xi)E{x2) = E{xi + X2) in K[x][[e]]. 

Proof. It suffices to show that the product P := E^{xi)E^{x2)E{xi +X2) is equal to one. Note 
that the identity (1 — ai){E{xi +X2)) = Qai{E{xi +X2)) holds, since ai{xi + X2) = {xi + X2) — 1. 
Hence, by using the same argument as in the proof of dJ), one easily obtains (1 — (Ti)P = 
(-e)"(l - cTi)P, for all n > 1, and i = 1, 2. Hence, 



{l-a){E^E) 



(1 - a)E^ ■ E + a{E^){l - a)E 
-e{l-a){E^E). 



(14) 
(15) 



1 = 1-1 = E_{0)E{0) = i + Yl 



00 



P = l + J2 A^e' G nil ker(l - a,) = K[[e]] 



i=l 
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i=l 



SO that each Aj G K. Now, set xi = a;2 = in the previous equahty, to obtain 

oo 

1 = E^{<d)E^{Q)E{Q) = 1 + ^ h®'- 

Hence, all Aj = 0; and so P = 1, as required. ■ 

The following useful identity now follows immediately. 
Lemma 2.3 1. For all k > 1, 



(-1)^ J2 i-^y^' 



i+j=k 
i>0, j>0 



^ = 0. 



i+j=k 
i>0, j>0 



2. For all n,k>l, 



(-1)^ J2 (-1) 



i+j=k 
n>i>0, n>j>0 



E (-1) 



•■'lY-J 



0. 



i+j=k 
n>i>0, n>j>0 



Proof. 1. This follows immediately from the equality 



i>0 



j>0 



fe>0 \i+i=fe 



2. Follows immediately from the equality above by working modulo 0^. ■ 

In order to study the Jordan blocks occurring in the canonical form of an affine automor- 
phism, we need to consider specializing the above results to the case that G is the nilpotent 
(n — 1) X (n — 1) matrix 

/ ••• \ 
1 ••• 

10 



y 

Note that 0"-^ = 0, but 0"-^ ^ 0. 



1 oy 
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Consider the matrix 

n-2 

A = ^(-i)V^e^ 

i=0 



(16) 




1 






1 



\ 




V (-1) 

The above analysis reveals that 



e SL„_i(i^[x]). (17) 



-91 



1 / 



n-2 



A-1 = J2 <f>-i®'- 



i=Q 



Set $ := (-(/>2, 03, • • • , (-l)Vi+i, • • • , (-1)"-Vn)* G i^N"-^ 
Lemma 2.4 



/ -f7-l(0-2) \ 



V -(n-l)a-i(0-n) / 



where the ith entry is displayed. 



Proof. Set 
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V Vn-l j 



Then 



1 














-1 


1 











-2 




1 






-3 


^-2 


4>-i 







\ </)_„+2 (/'-n+3 



-1 1/ 



E 
-E(-i 

z=o 
+ 



i+j(-l)^</'j+i 



EM) 



-i-l+Z 



Z=2 



X — I 



i + 1 / i + 1 

as claimed. Note that the in the above calculation arises by applying Lemma 12.31 ■ 



3 The invariant polynomials ui and Vj 

Let -ftT be a field of characteristic zero, and let a be the affine automorphism of K\x\ := 
K\x\^ . . . , Xn], for n > 2, defined by the rule 

(t(xi) = Xi - 1, a{x2)=X2 + Xi, Cr{Xn) = Xn + Xn-l- 

In matrix form, 

a{x) = Jn{l)x - ei, 

where Jn{l) = E + ^7=1 E^+ i^i is the n X n lower triangular Jordan matrix {E is the identity 
matrix and Eij are the matrix units). Observe that a{K[xi, . . . , Xm]) = K[xi, . . . , Xm], for each 
i >1. In particular, a{K[xi]) = K[xi], and a{xi) = Xi — 1. 



Recall, from the previous section, that the set of polynomials 



[xi)} defined by 



A ^ A At \ xi{xi + l)---{xi+i-l) 

£»0 := 1, (pi := (pi[xi) = , i>l 



(18) 
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is a -ftT-basis of and that (1 — (T)(/>i = (pi-i, for all i > 1, while (1 — cr)(j)Q = 0. 

The matrix Q := J„_i(l) — / is a nilpotent matrix with = 0, but 6"^^ / 0. As in the 



previous section, we consider the matrix 






n-2 

A = J](-i)v,e* 

j=0 








/ 1 





\ 




-4>i 1 










(j)2 


1 






(1)2 


-01 


-</.! 1 / 



G SL„_i(i^[xi]). 



Set 

x' = {X2, Xi+i, XnY and $ = (-<^2, (/>3, • • • , . . . , {-lT~^4>nY. 

Define y = {y2, • • • , VnY G by the linear equation x' = Ay + so that y = A~^{x' — $). 

In more detail, we have 

i 

= ^{-ly-U^-jyj+l + {-^y^i+l (19) 

i=i 

and 

i 

Vi+i = ^ (t)^i+jXj+i + ia~'^{(t)-i-i), (20) 
j=i 

for i = 1, . . . , n — 1, by Lemma 12.41 We extend the action of a to the (n — 1) x (re — 1) matrix 
ring Mn--i{K[x\) and to the column space in the obvious way (that is, elementwise) . 

The following proposition contains the claim of Theorem ll.il 

Proposition 3.1 Let (t{x) = Jn{l)x — ei, for re > 2, and suppose that char(i(') = 0. Then, the 
fixed ring K[xY is equal to the polynomial ring K[y2, ■ ■ ■ ,yn] in the n — 1 variables defined by 
XM) . Further, K[x] = K[xi] ® K[xY = K[xi,y2,.. . ,yn]- 
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Proof. Note that the subalgebra K[y] of K[x], generated by y2,---,yn, is isomorphic to a 
polynomial ring in n — 1 variables, by ()2U() . 

Observe that 

(1 - a)x' = -Ox' 0, ... , 0)*, (1 - a)^ = -9$ -(</>!, 0, ... , 0)* 

and 

By applying the u-derivation (1 — a) to the equation y = A~^(x' — <!'), we obtain 

{l-a)y = (l-f7)A-i-(x'-$) + (T(A-i)-(l-cT)(x'-$) 
= ec7(A-i)(x'-$)-c7(A-^)e(x'-$) = 0, 

since Qa{A-^) = a{A'^)e. 

Thus, (1 — a)y = 0, and so o"(yj) = yi, for each i = 2, . . . ,n. Hence, k[y] := k[y2, . . . ,yn] ^ k[x]^ , 
and k[x] = k[y] (8) A;[2;i]. 

Let / = X]i=o fi4>i G K[x]'', where each fi G Then, 

and it follows that fi = 0, for all i > 1. Thus, / = /o £ and C K[y], as required. ■ 

Let K he a commutative ring and let Z = / x Z be a subset of Z^, where / = [a, a + 1, . . . , 6], 
for some a < b. Suppose that X, n : Z ^ K are functions such that Xij and Hij 

and such that the relation 

Ajj- = (5(A,;-|-ij_i + Aj+ij) + 

holds for all G and for some 6 ^ K, then we write /x -w A 

Lemma 3.2 Lei K be a commutative ring and suppose that two functions X, fi : Z ^ K given 
by {hi) ^ K,j CLf^d {i,j) I— > fj-ij satisfy the relation Ajj = 5(Ai+ij_i + Aj+ij) + fJ-ij-i, for all 
{i,j) S Z and for some 5 K . Then, 

1. 

c c-1 ^ c' 

.i = ( d ) + X] ( J l^i+c',j-l-d' , (21) 

d=0 ^ ^ c'=0 d'=0 ^ ^ 
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for each integer c > 0, such that i + c (z [a,b]. 
In particular, when /u = 0, we have 

for each integer c > 0, such that i + c (z [a,b]. 

2. If, in addition, the function /u satisfies the relation fiij = 7(/ij+ij_i + ^i+ij), for all G Z 
and for some unit 7 € K , then 

5 f5\' '^^'^-'^ 



J +---+^-) lA^M-i- (23) 



Proof. 1. We use induction on c. The base cases of the induction c = 0, 1 are obvious. 
Suppose that c > 2 and that the result holds for c — 1. Denote by = the second sum in 
H2ip . Then, by induction, 

C-l / ,N c-2 



d=0 ^ ^ c'=0 cZ'=0 ^ ^ 

d=0 ^ ^ c'=0 d'=0 ^ ^ 



C)^ 



i+cj—d 



as required. 



2. By (HU, = 7"^' Sd=o (d') ""i+c'.j-i-d'i for each integer c' > 0. The element 7 is a unit, 

so 



and the equation (pS)) follows. ■ 

Remark. We are setting (^) = 0, for each pair a, 6 S Z that does not satisfy < 6 < a. 

Corollary 3.3 Let K be a commutative ring. Suppose that the functions \, , . . . , : Z ^ K 

satisfy 

<5,j ,„ <5n-l Sn~2 <5i . 1 5o \0 _ \ 

U A A . . . A A = A, 
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where 6i, . . . ,6n are units in K. 
Then 
1. 

d=0 ^ ^ fc=l yci=0c2=0 Cfc=0 i=l ^ 

/or each integer c > sitc/i t/iai i + c € [a, 

/n -particular, when = b\ = ■ ■ ■ = bn, we have 

min{n,c) 



d=0 ^ ^ k=l 

= ^0 E Q + E (-1)'=-^ (^) Af,,,. (25) 

d=0 ^ ^ k=l ^ ^ 



Moreover, 



c / \ / min(n,c) 



^^^■ = ^oE(J E <^fc(c)Atc,,-fc-J (26) 

ri—r\ ^ ^ \ 1 — n / 



d=0 ^ ^ \ k=0 

min(n,c) 



« E ('^t"' E . (27) 



k=0 ^ ^ Ld=0 ^ 



Proof. 1. We use induction on n. The base case n = 1 was proved in (|23|) . Suppose that 
n > 2, and that the result holds for the case n — 1. By induction, we have 



\i 



Cl ^ s n-1 / ci-1 Cfc-1 / r \ c;+i 

*rE (:;)\'«..-i-.+E(-i)'-'^&'.-42:- E n(A) 

d'=0 ^ ^ k=l \C2=0 Cfcii=0;=l ^ 



for each integer ci > such that i + ci € [a, 6]. Combining the above equality with (PT|) in the 
case A^; that is, with ~^ A, 



A* J = '^o E ( J + E "^o' E ( ^ 

d=0 ^ ' ci=0 d'=0 ^ ' 



i+ci ,j — l—d' ' 
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we obtain 



n+c,j—d 



ci=0 ^ ^ k=l \C2=0 Cfe+i=0/=l 

c / X n / c— 1 ci-1 Cfe_i-1 fc , \ c; \ 

=«e(:;)w.+e(-i)'-'4-. EE- E n(¥) ■ 

d=o ^ ^ fc=i yci=oc2=o cfc=o 1=1 ^ ' ^ y 



2. If (5o = • • • = <5„, we will prove by induction on k that 



C— 1 Cl — 1 Cj._i — 1 k y r. \ Cl 



ci=0c2=0 Cfc=0 1=1 ^ '' I 0, if c < 

Obviously, = 0, whenever c < A;, so we assume that c> k. Now, 

c-l 

4 = X] ^k-M -k + 2) = 0fe_i(l) + </>fc-i(2) + • • • + (l)k~i{c -k + 1) = (l)k{c-k + l), 

ci=0 

since 0, —1, —2, . . . , — (/c — 2) are roots of the polynomial (pk-i and c > k. Since cr^~^{4'k) = 4'-k: 
for all /c > 1, we see that 

.fc-i.^ ^^ _ ^ , , _ c(c - 1) . . . (c - + 1) 



5fc 



(c-A: + l) = (^'^H^fe)) (c) = ,^_fc(c) 



for c > k. Hence, = (^) , since we are setting (^) = 0, for each pair a,b £ Z that does not 
satisfy < 6 < a. Thus, the formula fl^ follows. 

c{c + l)...{c + k-l) (c + k-l 
<Pk{c) = - 



k\ \ k 

for A; > 0, the second equality in (|26|) follows from the first; so, it remains to prove the first 
equality in We use induction on n. The case n = is evident, see (P^ . so we suppose that 
n > 1. By 



c ^ ^ min(?i,c) 
d=0 ^ ^ A:=l 
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By induction on n, setting ni := min(n, c), we have 



d=0 



c / \ I niin(n— fc,c) 
C 



c ^ X min(n,c) j 

min(n,c) min(n— A;,c) 

A,+,,,_,- E E (-l)V-fc(c)<AKc)Af+' 



d=0 



^sE 

d=0 



^sE 



=0 



/ 



A 



E 



i+c,j-{k+l)-d 



E (-l)V-fe(c)</'^(c) 



k-\-l=s 
\m>k>l,m>l>0 



d=0 

as required, since 



min(n,c) 

\+c,j-d+ E '^«('^)Wc,i-s-d ^ 1 
s=l 



E (-l)V-fc(c)0/(c) = -(/>s(c)+ E (-l)V-fc(c)0/(c) = -0,(c)+O = -0,(c), 

k-\-l=s k-\-l=s 
m>k>l,m>l>0 m>k>0,m>l>0 

by Lemma l'2. 31 ■ 

We are now in a position to prove Theorem 11.21 in which we find a basis for the quadratic 
invariants. 

Proof of Theorem 11.21 Any element of the set -fC[x]<2 which has constant term equal to zero 
can be written as a sum 

n n— 1 In \ n 

" = E ^J^i + E E ^^i^j + E ^^j''r 

3=1 i=l V=i+1 / i=l 

The element u is uniquely determined by the upper triangular nx n matrix A = £ Mn{K) 
and the vector (^ui, . . . , fin) £ K^. For the sake of convenience, we will set Aj = Xa. 



Observe that u G if and only if d{u) = 0, where d = 1 — a. In order to calculate d{u), 

we perform elementary computations using the fact that 5 is a cr-derivation, and the following 
facts: d{xi) = 1 and = 2xi — 1; while d{xi) = —Xi^i and d{xf) = —2xi-\Xi — for 



15 



i = 2, . . . ,n. We obtain 

n-l 

i=i 

n-2 r n-l 

— ^ < (Aj,j+2 + K+i,i+2 + 2Aj+i)xj+i + ^ (Aj+ij + Ajj_|_i + Ai+ij+i)a;j + Ai+i,„x„ 

i=2 [ i=«+2 

{n-l 
(A2,3 + Al,3 + 2X2)X2 + ^(A2,j + Al,j+l + \2J+l)Xj + A2,na;n 

- 2XnXn-lXn + (2Ai + Ai,2 - ^2)2^1 

n 

+ X](Aij-i + Aij - fJ-j)xj-i + Ai,„x„ + (/ii - Ai). 

(29) 

Thus, = if and only if each of the coefficients in the expression above are zero. This gives 
the system of hnear equations below (see (|30|) . (|3T|). (|32|) . (|33|) . (|3H) below). 

We can immediately see from the coefficients that the entries in the last column of the matrix 
A must all be zero for a solution to d{u) = 0. Also, the linear terms are specified by the last 
few coefficients, viz: 

Aii = Ai, //2 = 2Ai + Ai,2, fij = X1J-1 + \i J, j = 3, ...,n. (30) 
The remaining equations can be separated into four classes: 

A2,3 + Ai,3 + 2A2 = 0, (31) 

+ ^i+i = 0' j = '^,---,n-l, (32) 
Ai+i,j + Aij+i + Ai+ij+i = 0, i = 1, . . . , n - 2, j = i + 2, . . . , n - 1, (33) 

Xi,i+2 + Ai+i,i+2 + 2Ai+i = 0, i = 2,...,n-2. (34) 

Obviously, the elements Uj are linearly independent; so, it suffices to prove that an element 
u € -fC[x]'^ n -fC[x]<2, with zero constant term, is a linear combination of the elements Ui. In 
order to do this, we will use induction on n > 2. In the case that n = 2, we see that the element 
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ui = x\ + xi + 2x2 is the unique solution (up to non-zero scalar multiple) of the system d{u) = 0. 
The same is true for n = 3, since A2 = A12 = 0, by using (|ST|) and 

Thus, we may assume that n > 4, and that the result is true for all n' strictly less than n. 

The last column of the matrix {Xij) is zero. By using ()33() with i = 1, . . . , n — 2 and j = n — 1, 
we see that \i^n-i = 0, for i = 2, . . . , n — 2. Since A„_i = — A„-_2,n-i = 0, by with j = n — 2, 
it follows that Aj^„_i =0, for all i > 1. By using similar arguments, it follows that all of the 
elements of the matrix (Xij) lying below and on the anti-diagonal are zero; that is, 

Ajj = 0, i+j>n + l. (35) 

By passing from u to a suitable linear combination of the form u + X^I^i "^j^jj where m' = 
[{n — l)/2] and € K, we may assume that 

Ai = ■ • • = Aw = 0. (36) 

In more detail, we will solve the system assuming that the conditions above hold, as a result we 
will have the polynomials Ui, and this justifies our assumption. By (jSU, we have 

Ai,j+i = 0, J = 1,. . . ,m' - 1, 

and 

Xj,j+2 = 0, j = 1 . . . , m' - 2, 
by (jSU) and (EH). Now, by we obtain 

Aj,j = 0, i,j = l,...,m'. (37) 

In the case that n is even, it is enough to prove that the element Um is the unique solution (up 
to a nonzero scalar multiple) satisfying (jSHJ, and in the case that n is odd, that the only solution 
satisfying is 0. 

Suppose first that n is even, with n = 2m, and m > 2 (the cases where n = 2, 3 have been 
considered earlier). Suppose that n = 4. By H32() . we see that Ai^2 = — A2, and by (|5T|) . we 
obtain Ai^a = — 2A2; and so, u = X2U2, by ((SOJ. 

Suppose now that n = 6. By H32() . we see that A2,3 = —A3, and by (|ST|). we obtain Ai_3 = A3. 
Now, A2,4 = -2A3, by (jSH)- By (ESJ, Ai,4 = 3A3 and Ai,5 = 2A3, hence u = X3U3, by (jHU)) . 
Finally (for the even case), suppose that n = 2m, with m > 4. In this case, m' = m — 1, so all 
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of the diagonal elements of the matrix (Xij), are zero, except for Am = A^m- By we obtain 
Am-i,m = -Am, and, by using (EU, we get Am-2,m = Am; then, by (EU), 

A,,m = (-l)"'-'Am, i = l,...,m. (38) 

By dsn), Am-i,m+i = -2Am, and then, by (jSHJ, 

Am-i,m+i = (-l)*2Am, i = l,...,m-l. (39) 



Now, all of the entries of the first m—1 rows satisfy (|33]). and Am-i,m = —Am, Am-i,m+i = — 2A 
also, all of the other entries of the (m — l)-st row are zero. If we apply Lemma l3.2l to the entries 
of the first m — 1 rows, and put 6 = —1, we obtain 

m—l—i 



k=0 



A. = (-l)— E (""^')^' 



k 



^m—lj—k 



[ \ J - m J \j -m-i; ' 

= (-ir-Amjf"^-Vf""'"! 

[\j -mj \j - m-1 
for i = 1, . . . , m — 1, j = m, . . . , 2m — i. 

Thus, 

/ .^m-^^ {f m — 1 \ ( m-2 \ fm — l\ ( m — 2 

fij = -ir 'Am U . 1 + ■ o + • + • 1 

[\j -m-lj \j -m-2J \J -mJ \j -m-ly j ^^^^ 

= (-l)--Amjf."^ Vf-""'/^ 

[\j -mJ \j -m-1 
by (|3()|) and (|4()|) . This finishes the even case. 

Now, suppose that n is odd, with n = 2m + 1, for some m > 2. In this case, m' = m, and so 
Am+i = 0, by and Am,m+i = 0, by (fS^ . If m = 2, then Ai^a = 0, by (|5T|) . and Ai^4 = 0, by 
so that Xij = 0, for all If m > 3, then Am-i,m+i = 0, by (jSH). It then follows that all 
Xij are zero, by using (|36|) and ■ 

Theorem ESI which presents the cubic invariants, can now be proved. 

Proof of Theorem ll.31 The element Uk of Theorem ll . 2l can be written as the sum, Uk = u'f^+u'j^, 
of the quadratic terms and the linear terms u'^. The element Vk = xiu^ + + v'l^ where 

fc-12fc-j+l 2fc+l 

= axfcXfe+i + OijXiXj and v'^ = /Sfajj. 

j=l j=k+l i=k+l 
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Clearly, 

d{vk) = Uk + d{v',) + d{vl) = « + d{v',)) + K + d{vl)). 

Thus, by using (HH), we see that d{vk) = if and only if the coefficient a and the (3^ satisfy 
the following system of linear equations: 

-a + 1 = 
-a - afc_i,fc+i -1 = 
-a - a^_i,fc+2 -2 = 
-(a^^+ij + a'l^j+i + af+ij+i) + X'l^j = 0, 

for i = 1, . . . , A; — 1 and j = k, . . . ,2k — i; and 

Pj = aij_i + oil J + 

iov j = k + 1, . . . ,2k + 1 (note that we set 2fc+i = 0). 

Equivalently, 



1 fe r) fc 



and 



a. 



for i = 1, . . . , — 1 and j = k + 1, . . . ,2k — i + 1, where 5 = —1. 

We know, from the proof of Theorem 11.21 that A^j = 6{X^_^_i j_i + A^^_]^j), for z = 1, . . . , /c — 1 
and j = k, . . . ,2k — 1. Thus, by using Lemma 1X^ (21. we have 



4 jT-direct sums 



k — i \ fk — i — 1 
+ 



j -k-lj \j -k-2 



Let Q = Ujgz Qi be a Z- filtered algebra with a filtration JF = {Qi}. We will always assume that 
the filtration is separated; that is, Di^z Qi = 0. Any subspace U Q has an induced filtration 
U = Dii^z Ui, where Ui := UCiQi. In this case, the associated graded space grjrll = (Bi£Z Ui/Ui-^i 
is a subspace of the associated graded algebra gr^^-Q = ©jgz Qi/Qi-i in a natural manner. 
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Given a separated filtration = {Qi} of Q, then, for any nonzero element u E Q, there exists a 
unique i G Z such that u G Qi\Qi-i- The integer i is called the ^-degree of u, and is denoted 
by fdeg(u). 

Definition 4.1 Let {Uj,j G J'} be a set of subspaces of the J^-filtered algebra Q. We say that 
the sum Y.j(ij is JT-direct ifJ2jeJ ^^^T^j = 0jGj ^^r^j in gr^rQ. 

The concept of JT-directness is extremely useful in finding a i^-basis of a ring of invariants and 
in proving that relations for a ring of invariants are defining relations. For a separated filtration 
T it follows easily that any ^-direct sum "Ylj^j direct sum, Uj, of the subspaces 

Uj. 

Lemma 4.2 Let Q = Ujgz Qi be a filtered algebra with separated filtration T = {Qi} and 
^0 ^'^ J^-direct sum of subspaces {Uj}. Then 

1. if Uj G Uj, then fdeg{Y^Uj) = max{fdeg(Mj)}. 

2- {^jejUj)nQi = ^^^jUjnQi. 

Proof. 1. This is evident. 

2. Denote by L and R the left and right hand side vector spaces in the equality that wc arc 
trying to establish. Clearly, L ^ R. If n = G Uj) fl Qi, for some Uj G Uj, then each 

Uj G Uj r\Qi, by statement 1, so i? C L. ■ 

A K-basis {Ui,i G J} of the filtered algebra Q = Ui^zQi is called an J^-basis if the sum 
of 1-dimensional subspaces ^j^jKuj is J^-direct. In this case, {gruj,j G J} is a i^-basis for 

the associated graded algebra grQ := ®iezQi/Qi+i- If, in addition, the algebra Q = Ui>oQi is 
positively graded then the converse is true: a basis {uj,j G J} of Q is an .F-basis of Q if and 
only if {gTUj,j G J} is a basis for grQ; and a basis {uj,j G Ji} of Qi is an J^-basis of Q if and 
only if {gi Uj,j G Ji] is a basis for ©t=o'3i//Qi/-i- 

Similarly, elements {uj,j G J} of Q are J^- independent if the sum of 1-dimensional subspaces 
Y^j^jKuj is JT-direct. In this case, elements {gruj, j G J} are linearly independent elements of 
grQ. The converse is obviously true; so, the elements {ui,i G J} of Q are JT-independent if and 
only if the elements {gYUj,j G J} are linearly independent in grQ. 
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5 Number of variables < 5 

Let K hea field of characteristic zero. The polynomial ring, P = p["+^] = K[x] = K[xi, . . . , a^n+i], 
in n + 1 variables, is a positively graded K-algebra P = ®i>oPi, where Pi = K[x]i consists of 
the homogeneous polynomials of degree i, together with zero. 

Consider the graded automorphism a € Autgr(P) defined by a{x) = J'n+i{l)x, where J7n+i(l) 
is the (n + 1) X (n + 1) lower triangular Jordan matrix with 1 in each diagonal entry; that is, 

a{xi) = Xl, Cr{x2) = X2 + Xl, a{Xn+l) = Xn+l + Xn- 

We use the results in the earlier sections of the paper to give explicit generators and defining 
relations for P'^ for some small values of n. 

The algebra F = P" of invariants is a positively graded algebra F = ®i>o Fi, where Fi = PiCiF. 
In the case that n = we have that a is the identity map, so that F = K[xi]. Thus, we assume 
that n > 1. The element xi is cr-invariant. Denote by P^^ the localization of P at the powers of 
Xl, that is, 

-Pci = S~^K[x] = K[xi,X^^,X2, . . . ,X„_l,X„,X„+l], 
where S = {x\ \ i > 0}- Set Zi := — for z = 1, . . . , n, so that 

P^,=K[z,xf^] = K[zi,...,Zn,xf^]=Q[xf\ (42) 

where Q = Q^"' = K[z] = K[zi, . . . , Zn] is the polynomial ring in n variables. The algebra 
Q = ©i>o Qi is a positively graded iC-algebra, using the degree of the polynomials. The filtration 
^ = {Q<i '■= ®j<i Qj}j for i > 0, associated with this grading, satisfies Q<i = PiX^^, for i > 0, 
and so Q = Y.i>o Pi^T ■ 

Let p{xi, . . . , Xn+i) G P be a homogeneous polynomial. Then 

. . . , Xn+l) = . . . , -^) = {-Xlf'^^^P^p{-l, Zl,...,Zn), (43) 

Xl Xl 

where p{-l, zi, . . . , z„) G Q<deg(p)- 

Denote by the same letter a the unique extension of the automorphism a to the localized algebra 
Px^- Then a{Q) = Q, and a{z) = Jn{l)z — ei; that is, 

a{zi) = Zi - 1, (J{Z2) = Z2 + Zi, . . . , a{Zn) = Zn + Zn-l- 

Theorem ll.il for Proposition 13. If) now becomes available for use. 
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The case n = 1 



Clearly, 

{K[xi,X2]:,,r = K[zi,xfr = K[xf\ 
since ct(zi) = zi — 1 and the characteristic of K is zero. Hence, 

K[xi,X2T = {K[x^,X2UY nK[xuX2] = K[xi]. (44) 

Thus, we may assume that n > 2. The first part of the next corollary follows immediately from 
Proposition 123 (statement 3 follows from ()43() : statements 4 and 5 follow from the definition of 
.F-basis) . 

Corollary 5.1 Letn>2. Then 

1. = K[y2, . . . ,yn] is a polynomial ring in the n — 1 variables yi given by 

i 

Vi+i = yi+i{z) = ^ (l)-i+j{zi)zj+i + ia'^{(p-i-i{zi)), 

3=1 

for i = 1, . . . ,n — 1, where the (pi are defined in M()\) and Q = K[zi] Q"^ . 

2. yi = Zi (mod zi), for i = 2, . . . ,n. 

3. F = ®i>o Fi, with Fi = xlQ^,^, where Q^^ = Q" n Q<i, for i > 0. 

4- If {bj,j e Jj} is an T -basis for the vector space then {x\ '^^^^''^^^(x'^^^''*'^^'*6j), j E Jj} is a 
K-basis for Fi. If{bj,j G J} is an -basis for the vector space Q"^ then {x\ '^'^^''^^^\x'l^^''^^^^bj), j G 
J} is a K-basis for Fi. 

5. Given gi, ■ ■ ■ ,gm G Q"^ such that, for each i > 0, {g" := g^^ • ■ ■ g'^ \ a = (ai, . . . , Om) G Ji ^ 
N"^} is an T-basis for Q^, then ^^'-^T^i^^j '^'^sAaj) f]J^^^(xf ^^^^^^5^)"^ j G J^} is a K-basis for 
Fi ; and i/ Ji ^ J2 C • • • then 

m m 

^^-E,..«. deg.(,,) -Q(^jeg.fe)^^.^„^, j^. ^ ^^^^^^^ ^ _ deg.(5,) > 0} 

is a K-basis for F. ■ 

Corollary 5.2 1. Let u = u{zi, . . . , Zn) G . Then 

u{zi,...,Zn) = u{0,y2,...,yn)- 
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2. In particular, for the elements Uk and Vk in Theorems \1.2\ and M.ci 

k-12k-i 2k 

4=2 j=k i=k 

k~12k-i+l 2k+l 

Vk = vkVk+i + ^ oiijyiVj + X] ^^y^-- 

i=2 j=k+l i=k+l 

Proof. Note that Q = Q" © Qzi, = K[y2, . . . , y„] and yi = Zi (mod zi), for i = 2, . . . , n, 
by Corollary 15.11 Thus, for any u{zi, . . . , Zn) € , we have 

u{zi,Z2,...,Zn) = U{0,y2,. ■ ■ ,yn) +ZlV, 

fore some polynomial v ^ Q. However, 

u{zi, . . . ,Zn) - n(0,y2, . . . ,yn) = vzi e Q'^ n Qzi = 0, 
since Q = ® Qz\. Hence, u{z\, . . . ,Zn) = u{0,y2, ■ ■ ■ ,yn)- 
2. Evident. ■ 
The polynomials 

f ._ deg{yi+i) _ i+1 

Ji+1 •— 2^1 Ui+l — yi+i, 

for i = l,...,n— 1, belong to the algebra F of invariants. Note that 

f 1 ^i-i+ij X2{x2 + xi)... {X2 + {i-j- l)xi) ^ 

fi+i - 2^ (-ij (i-j)\ ^^+2 

j=l y -ll- 

yi+l . {X2 - XI)X2{X2 +Xi) ... {X2 + {i - l)xi) 

+ ^ ^ ' (i + 1)! 

Corollary 5.3 For each homogeneous polynomial f{xi,...,Xn+i) (z F = K[xi, . . . ,Xn+i]'^ , 
where a{x) = J„+i(l)x; 

/(Xi, . . . , Xn+l) = (-Xi)<^'^g(^)/(-l, 0, f2/xl fn/xl). 

Proof. This follows immediately from the equality ()43() and Corollary I5.21 fl): 

/(Xi, . . . , Xn+l) = (-Xi)^^s(^)/(-l, Zi, . . . , Z„) 

= (_^,)deg{/)_^(_1^0,y2,...,yn) 

= (_^,)deg{/);(_1^0,/2/x2,...,/„/x^). . 
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The case n = 2 



By Corollary IS.ll fl^. we know that Q'^ = K[ui], where ui := 2y2 = zf + zi + 2z2- Clearly, 
{u\,i > 0} is an ^-basis for Q"^. By Corollary IS-lf S). the algebra 

K[xi,X2,X3Y = K[xi,pi], (45) 

is the polynomial ring in the two variables xi and pi := x\u\ = x\ — xi{x2 + 2x3). 

The case n = 3 



Recall that 

{zi + 1)2:1 , ^1 - ^1 
y2 = ^2 H ^ and 2/3 = ^3 + ^1^2 H — 

Set 

^3 , „ ^ I 3 



vi := 3^3 = Zi+ 3ziZ2 - zi + 3z3 = zi + . . . , (46) 



Clearly, 



Vl = ZiUi - zf + Z1Z2 - Zl + 3Z2 
= ZlUi - Ul + Z1Z2 + 5Z2. 

Consider the element 

6 := vj - uf + 3viui + 2ul. (47) 

Direct computation gives 

= -3z\{zl - zi{z2 + 2Z3)} + 921(21 + 222)23 - 82I + 2122(521 + 622) 

+ 921 + 3(21+622)23 + 82^ + 22122 (48) 
= -Szfiz^ - 21(22 + 223)} + • • ■ . 



The leading terms of the elements ui = 2i + • • • and 6 are algebraically independent, so the 
subalgebra U := K[ui, 9] of Q'^ = K[ui,vi] is isomorphic to a polynomial ring in two variables, 
and the elements {u\6^ \ i,j > 0} are ^-independent. 

Lemma 5.4 The sum = U + Uvi is an J^-direct sum in the filtered algebra Q with the 
filtration T = {Q<i\. In particular, Q'^ = C/ © Uvi. 
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Proof. It follows from 1)471) that = U + Uvi. Observe that the degree of the leading term 
of any element from U is even, and the degree of the leading term of any element of Uvi is odd. 
The result then follows. ■ 

Corollary 5.5 For i >0, we have 

where U<i = U D Q<i = ^{Ku\^9'^ \ is, ^4 > 0, 2i2 + < i}, and {ufv\^e'^ \ 2ii + Sis + 4^4 < 
i] is = 0, 1; i2,i4 > 0} is an T -basis for Q<j. 

Theorem 5.6 The fixed algebra F = K[xi,X2,X3,X4]^ is generated by the four elements 
xi, pi := xfui = X2 — xi{x2 + 2x3), qi := xfvi = —x^ + 8x1X2X3 + x^X2 — 8x^x4 

and 

S := xf9 = —8X2 {x| — X2(X3 + 2X4)} — 9X1X2(X2 + 2X3)X4 + 8x1X3 

— X1X2X3(5X2 + 6x3) + 9x^X4 + 8xf (X2 + 6X3)x4 + 8X1X3 + 2X1X2X3. 

of degrees 1,2,8,4, respectively, subject to the defining relation 

xjs = ql + Zxipiqi -p\ + 2xIpI (49) 
For i>0, Fi = e{Kx\'p\^q{'s'^ \ ii + 2i2 + 8i3 + 4i4 = i; is = 0, 1; ii, i2, ^4 > 0}. 



Proof By Corollary 15.11 F = (Bi>oFi, where Fi = x\QZ^^. By Corollary 15. If 5) and Corollary 
15.51 (using ^-directness) Fj = i^x*^^p^^g^^s** where all iy > 0, and i^ = 0,1 while ii + 2i2 + 
3i3 + 4i4 = i. We conclude that the fixed algebra F is generated by the four elements above, 
subject to the relation ()49() . The relation is the defining relation for F (as the algebra that 
satisfies this defining relation has the same basis {x^^p^^q^^s^'^} as F). ■ 



The case n = 4 



Recall that (Corollary 15.11 and Theorem 11.2)1 

, zi{zi-l) 8(zi + l)zi(zi-l)(zi-2) 

2/4 = Z4 + Z1Z3 + Z2 + 11 , 

and 

U2 = Z2 - Zi{z2 + 2Z3) - Z2- 3^3 - 2Z4 = Z2 - Zi{z2 + 2^3) H . (50) 
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By Corollary El 



1 1 

U2 ■= yl-y2- - 2^4 = - -ui -vi- 22/4. (5i) 



Consider the element 

6 := 6 + 3uiU2 = Vi — uf + 3uiUi + 2u1 + 3uiU2- (52) 
Direct computation gives 

= -6zfz4 + 621(22 - 21)23 - 22^ + 2122(822 - 21) 

— 6(21 + 222)24 + 92I — 62123 + 22^ — 2i22 (53) 

= -62124 + 621(22 - 21)23 - 22^ + 2122(822 - 21) H . 

The leading terms of the elements ui = z\+- ■ ■ , U2 = 22—21(22+223)+- • • , and 6 are algebraically 
independent; so the algebra Q"^ = K[y2,y3,y4] contains the subalgebra U := K[ui,U2,0] which 
is a polynomial ring in three variables. 

For / > 0, we set 

U<i ■=Ur\Q<i= {Kv\iJ^e^ I 2i + 2j + 8A; < I}. 

i,j,k>0 

The set {u\u26^ \ 2i + 2j + 3A; < is an J^-basis for [/</, and {u\u26^ \ i,j, A; > 0} is an .7^-basis 
for U. Now, 

Q" = K[uuU2,9]+K[ui,U2,e]y3 = U + Uvi. (54) 

In more detail, 

= K[y2,y3,y4\ = K[ui,vi,y4\ = K[ui,vi,U2] (by ((SU)) 
= K[ui,U2,0] + K[ui,U2,e]vi (bydSl). 

Lemma 5.7 The sum Q" = U + Uvi is an J- -direct sum in the filtered algebra Q with the 
filtration T = {Q<i}. Hence, {u^U2uv\ \ 2m + 2j + 8A; + 8/ < i, I = 0, 1} is an T-basis for (5<i; 
and {u'i'U20'^v[ \ m, j, k > 0, I = 0, 1} is an T -basis for . 

Proof. This follows directly from the equality 

= [/ + C/^i = {K[ui] + K[ui]vi}e2^^ 

i,j>0 

and the fact that the leading terms of the elements U2,9 and 21 are algebraically independent, 
and from the fact that vi = zf -\- ■ ■ ■ and ui = zf -\- ■ ■ ■ . ■ 
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Theorem 5.8 The fixed algebra F = K[xi, X2, X3, x^, x^]^ is generated by the five elements 

Xl, Pi, qi, P2 ■■= xlu2 = xl - X2{X3 + 2X4) + Xi{x3 + 3X4 + 2X5) 

and 

t := xfO = 6X2X5 — 6X2(X3 — X2)X4 + 2X3 — .X2.X3(3X3 — X2) 

+ Xl {-6{x2 + 2x3)a;5 + - 6x2X4 + 2x1 ~ ^2X3} (55) 
of degrees 1,2,3,2,3, respectively, subject to the defining relation 

xft = qj -pl-\- Sxipiqi + 2xIpI + 3xlpip2- (56) 

For i > 0, 

Fi = xiQ^i = ^{Kx1p\p^2i'^ql I a + 26 + 2c + 3i + 3e = i, e = 0, 1} 
where a, b,c,d > 0. 

Proof. By Corollary 15.11 and Lemma 15. 7( F = (Bi>o Fi , where 

Fi = xiQ^^i = ^{Kxfp\p'=2t''qt I a + 26 + 2c + 3t + 3e = e = 0, 1}. 

By ()52() . the relation H56() holds. This relation is the defining relation for the algebra F since 
the algebra that satisfies this defining relation has the same basis as F (see (|5f)|) ). ■ 

Finally, we make a comment on the case where n > 5. Assume that n > 5. Set m := [^] 
and fi := [^^^] ; then m = ji, when n = 2m + 1, and m = fi + 1, when n = 2m. The 
elements = Uk{z) and = Vk{z) of Theorems 11.21 [T31 can be written as sums = u'^^ + u'l 
and Vk = ziUk + v'k + ^fcj where u'^,v'^ and u'l,v'^ are the quadratic terms and linear terms, 
respectively. The elements 

Wk := vl - uiul = Uk{2ziv'^ - (zi + 2z2)uk) + {v[)^ + 2ziUkv'^ + 2v'f^v'^ + {v'^f, (57) 
for /c = 2, . . . , /X, have degree 5 and leading terms 

l{wk) = u'k{2ziv'k - {zi + 2z2)ui,), (58) 
for k = 2, . . . , fi. Observe that is the leading term of the polynomial Uk. 
The polynomials 

Uk = {-l)'"^2z2k + ■ . . and Vk = + 2k)z2k+i + ■ ■ ■ , (59) 
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where by three dots we denote the terms from Q^^^ ^1 and Q^^^\ respectively. Hence, 

Q = QN =Q[4][^2,...,T;^,U3,---,«m], (60) 

and 

Q- = (QW)-[t;2, . . . , t;^, na, . . . , n^] = (Q^ Y ® V, (61) 
where V := K \v2 , . . . , , ti3 , . . . , Um 1. Note that 

(Q[5])- = (QW)-[z;2], 
(Q[6])- = (QW)-[t;2,n3], 

(Q[7])- = (QW)'^[^;2,^'3,n3], 

The polynomial ring V contains the polynomial subalgebra W := K[w2, ■ ■ ■ , w^, M3, . . . , Um] and 

y= wv', (62) 



is a free 1^-module of rank 2^ ^ , where Z2 ^ = Z2 x • • • x Z2 is the product of ^ — 1 copies of 
7j2 = {0, 1}, and = ■ ■ ■ "^Ij" ^ ^ = (^3; • • • , v) G ^2 ^• 

The leading terms of the polynomials W2,U3,W3,U4, . . . , are algebraically independent, since 

l{uk) = u'f, = {-lY-^2ziZ2k-i + ■ . . and liv'^) = {-l^-^lk - l)ziZ2k + ■ ■ ■ , (63) 
where three dots denotes terms from Qt^^^^] and Q^'^''~^\ respectively. Thus, the sum 

W = Y^ Ku'i . . . . . vJ^T , (64) 

for i2, . . . ,jfj. > 0, is an jF-direct sum. 

Lemma 5.9 The sum i6^) is an J- -direct sum in the filtered algebra Q with the filtration T = 

{Q<^}■ 

Proof. This is evident, since l{vk) = zil{uk),l{uk) = u'f^ and l{wk) is as defined in ((S5|). ■ 

This means that one cannot produce new invariants from the elements of V; that is, in any new 
invariants generators of Q^^^ must necessarily occur. 
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